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REAL LOCI OF SYMPLECTIC REDUCTIONS
R. F. GOLDIN AND T. S. HOLM
ABSTRACT. Let M be a compact, connected symplectic manifold with a Hamil-
tonian action of a compact n-dimensional torus T. Suppose that M is equipped
with an anti-symplectic involution σ compatible with the T-action. The real lo-
cus of M is the fixed point set Mσ of σ. Duistermaat introduced real loci, and
extended several theorems of symplectic geometry to real loci. In this paper, we
extend another classical result of symplectic geometry to real loci: the Kirwan sur-
jectivity theorem. In addition, we compute the kernel of the real Kirwan map.
These results are direct consequences of techniques introduced by Tolman and
Weitsman. In some examples, these results allow us to show that a symplectic re-
duction M//T has the same ordinary cohomology as its real locus (M//T)σred ,
with degrees halved. This extends Duistermaat’s original result on real loci to a
case in which there is not a natural Hamiltonian torus action.
1. INTRODUCTION
LetM be a compact symplectic manifold, and suppose an n-dimensional torus
T acts on M in a Hamiltonian fashion. Let Φ : M → t∗ be a moment map. The
components of the moment map are (equivariant) Morse-Bott functions onM, and
hence may be used to determine the (equivariant) topology ofM.
Now suppose that σ is an anti-symplectic involution onM that anti-commutes
with the T action:
(1.1) σ(t · x) = t−1 · σ(x),
for all t ∈ T and x ∈M. We assume thatMσ is nonempty. We call the fixed point
setQ = Mσ of σ the real locus ofM. The real locus is a Lagrangian submanifold of
M. The motivating example of a real locus is a complex varietyM under complex
conjugation σ. In this case, the real locus is the set of real points on the variety. By
(1.1) the subgroup of T of elements of order 2 acts on Q. We call this subgroup TR,
the real torus in T . It is immediate that TR ∼= (Z/2Z)
n.
Duistermaat [11] proved that the real locus has full moment image, that is, that
Φ(M) = Φ(Q). Moreover, he showed that the components of the moment map are
Morse-Bott functions for the real locus, when using Z/2Z coefficients, and so we
can understand the topology of Q via the moment map. Biss, Guillemin and the
second author [6] proved that these moment map components can also be used to
understand the equivariant topology of the real locus with respect to the restricted
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TR action. In addition, Sjamaar and O’Shea have generalized the results of Duister-
maat for Hamiltonian actions of nonabelian Lie groups [16]. The principle behind
these results is that real loci should behave in a fashion similar to the symplectic
manifolds of which they are submanifolds. We show that this philosophy applies
in the context of symplectic reductions.
Given a compact Hamiltonian T -spaceM, Kirwan [14] proved that when T acts
freely on Φ−1(µ), the inclusion map Φ−1(µ) →֒ M induces a surjection in equi-
variant cohomology with rational coefficients:
(1.2) κ : H∗T (M)→ H∗T (Φ−1(µ)) = H∗(M//T(µ)).
The map κ is called the Kirwan map. In [19] the authors note that under reason-
able assumptions about the torsion of the fixed point sets and the group action,
this map is surjective over the integers as well. For T = S1 one can state the re-
sult as follows. For any prime p, assume that either there is no p-torsion in the
Z-cohomology of the fixed point setMT , or every point not inMT has a free Z/pZ
action. Then the map (1.2) is surjective with integer coefficients. For higher dimen-
sional T , the authors assume the action is quasi-free to prove Kirwan’s surjectivity
over Z, although this is stronger than necessary. One natural question is, what is
the kernel of κ? This question was answered in [19] and refined by the first author
in the case of rational coefficients [12].
Suppose that M has the additional structure of an anti-symplectic involution,
compatible with torus action as specified above. Suppose also that Q := Mσ is
nonempty. In this article we prove a surjectivity result for real loci analogous to
Kirwan’s result (Theorem 1). We also use Tolman and Weitsman’s equivariant
Morse theoretic methods to compute the kernel of this real version of the Kir-
wan map (Theorem 2). Thus the main contribution of this article is to complete
the program begun by Duistermaat in showing that the real locus of a Hamilton-
ian T -space has a (Z/2Z)n-action which behaves as if it were itself a Hamiltonian
T -space. Not only is the equivariant cohomology ring of Q described by restric-
tions to fixed points, but there is a well-defined notion of “real reduction” and the
major theorems about the cohomology rings of reduced spaces go through in the
real case. The proofs we present are straightforward extensions of the work of
Atiyah-Bott, Kirwan, and Tolman-Weitsman to the real case. We then explore the
ramifications of real reduction and these theorems in a series of examples.
The key to Kirwan’s proof of surjectivity is the analysis of the function
|Φ|2 : M→ R.
In the case of S1, this is not a Morse function, but it is Morse-Bott except at 0, the
function’s minimum value. For dim T > 1, there are a finite number of critical
values of Φ where |Φ|2 is not Morse-Bott, in addition to the minimum. Moreover,
(|Φ|2)−1(0) = Φ−1(0).
Kirwan uses the critical sets of |Φ|2 to argue inductively (on the critical sets) that
the equivariant cohomology ofM surjects onto the ordinary cohomology ofM//T(0).
It is clear that surjectivity for general values µ ofΦ follows by shifting the moment
map by an appropriate constant. These arguments easily go through when the
function is restricted to the real locus, as we will see.
A fundamental step in the proof of surjectivity and the computation of the
kernel is a lemma due to Atiyah and Bott [3]. This lemma describes the local
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topology, in and around a fixed point component of MT . Under the hypothesis
of no 2-torsion (Definition 1.1) we show that this lemma still holds for (Z/2Z)n-
cohomology with Z/2Z coefficients. We then apply the lemma and an inductive
argument to both the question of surjectivity and to the computation of the kernel
for real loci.
For the rest of this article, letM be a compact, connected symplectic manifold,
endowed with a Hamiltonian action of a compact torus T andmoment mapΦ. Let
σ be an anti-symplectic involution, anti-commuting with the torus action, and let
TR ⊂ T be the set of order 2 elements, plus the identity. Recall that TR acts on Q.
We begin with a definition.
Definition 1.1. Let p ∈M be a critical point ofΦ. Let H ⊂ T be the maximal connected
subtorus of T fixing p,ΛT the weight lattice of T , andΛH the weight lattice ofH. LetN be
the connected component ofMH containing p. We denote by α1, . . . , αk the weights of the
H action on νpN, the fiber over p of the normal bundle to N inM, where k = dimνpN.
We say that p is a 2-torsion point if αi ≡ 0 mod 2ΛH for some i = 1, . . . , k.
Remark 1.2. SupposeM has a symplectic involution σwith real locusQ. Suppose
p is critical forΦ, fixed byH, andN is the connected component ofMH containing
p. If p lies in Q, the H action on the normal bundle to N in M restricts to an HR
action on the normal bundle νQN
σ to Nσ in Q. Let β1, . . . , βk be the weights of
the irreducible representations obtained by this action on the fiber over p. Then p
is a 2-torsion point if and only if βi is trivial for some i.
Remark 1.3. The functions |Φ|2 and a family of perturbations (see Section 5) have
critical sets fixed by various subtori of T . Tolman andWeitsman proveH∗T (M;Z)→
H∗(M//T ;Z) is a surjection provided that T acts quasi-freely. As they note, one
needs to ensure that the negative normal bundles to all critical sets of these func-
tions have nontrivial equivariant Euler classes. For the real locus case, “no 2-
torsion points” plays the same role as “quasi-free” does in the symplectic case.
At the critical sets of this family of functions, the negative normal bundles have
top Stiefel-Whitney classes which are nontrivial in the
(
H∗TR ⊗ 1
)
-component of
H∗TR(N) for each connected component N of the critical set. This amounts to the
requirement that, over any point in N, the negative normal bundle splits into one-
dimensional nontrivial representations of TR. The condition that Q contain no 2-
torsion points ensures this for the family of perturbations of |Φ|2.
The first main theorem is the surjectivity analogue of (1.2) for real loci.
Theorem 1. SupposeM is a compact symplectic manifold with a Hamiltonian Tn-action,
and that Q is the real locus of M. Let Φ be a moment map on M and µ a regular value
of Φ. Suppose further that Tn acts freely on Φ−1(µ) and that Q contains no 2-torsion
points. Then the real Kirwan map in TR-equivariant cohomology with Z/2Z coefficients
κR : H
∗
TR
(Q)→ H∗TR(Φ|−1Q (µ)) = H∗(Q//TR(µ)),
induced by inclusion, is a surjection.
We omit the superscript n in Tn when the dimension is clear.
Remark 1.4. The hypothesis that the real locus have no 2-torsion points is reason-
ably strong. Real loci of toric varieties and coadjoint orbits in type An satisfy this
hypothesis, for example, but the real loci of maximal coadjoint orbits in type Bn
do not.
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The next task we complete is to specify the kernel of κR. The kernel is precisely
the real analog of the kernel found in [19]. For every ξ ∈ t, let
Qξ = {p ∈ Q | 〈Φ(p), ξ〉 ≤ 0} .
Let F = MT denote the fixed point set, and let
Kξ =
{
α ∈ H∗TR(Q;Z/2Z)
∣∣∣∣ α|F∩Qξ = 0
}
.
Finally, define the ideal
KR =
〈∑
ξ∈t
Kξ
〉
.
Theorem 2. SupposeM is a compact symplectic manifold with a Hamiltonian T -action,
an anti-symplectic involution σ anti-commuting with T , and real locus Q. Let Φ be a
moment map onM and µ a regular value ofΦ such that T acts freely onΦ−1(µ) and that
Q contains no 2-torsion points. Then the kernel of the real Kirwan map is the ideal KR, so
there is a short exact sequence
0→ KR → H∗TR(Q)→ H∗(Q//TR(µ))→ 0.
where the cohomology is taken with Z/2Z coefficients.
The remainder of this paper is organized as follows. In Section 2, we review
G-equivariant cohomology with specific attention to the case of Z/2Z coefficients
and G = (Z/2Z)n = TR. Here we make explicit the Thom isomorphism theorem
and the Z/2Z version of the Atiyah-Bott lemma. In Section 3, we study Morse-
Kirwan theory on real loci. In Section 4, we discuss reduction, an induced anti-
symplectic involution on the symplectic reduction, and we prove the surjectivity
theorem (Theorem 1). In Section 5, we prove Theorem 2, the description of the
kernel of the real Kirwan map. Finally, in Section 6, we work out several pertinent
examples. In particular, we present an example of a symplectic reduction which
has the same cohomology as its real locus, with degrees divided in half. AsM//T
does not in general have a torus action, this example generalizes Duistermaat’s
original work on real loci, in which he uses the T action to make an analogous
statement forM and its real locus.
The authors would like to thank Victor Guillemin, Robert Kleinberg, Dan Dug-
ger and Reyer Sjamaar for useful comments during the preparation of this paper.
2. NOTES ON EQUIVARIANT Z/2Z-COHOMOLOGY
In this section we discuss equivariant cohomology and the Thom isomorphism
in Z/2Z coefficients. We then state a topological lemma (Lemma 2.1) that plays
an important role in the proofs of Theorems 1 and 2. Given a bundle E → B
with a Z/2Z action exactly fixing B, we show the top Stiefel-Whitney class wk(E)
is not a zero-divisor in H∗
Z/2Z(B;Z/2Z). Similarly, given a TR action on a space E
that has no 2-torsion, we show that wk(E) ∈ HTR(B;Z/2Z) is not a 0-divisor. This
result implies that a certain long exact sequence splits into short exact sequences
(Lemma 2.3) allowing inductive arguments to be applied. This is not surprising
given the analogous result due to Tolman andWeitsman [19] for the T -equivariant
cohomology of B, where T is a compact torus acting on E and fixing B, and the
cohomology is taken with integer coefficients.
REAL LOCI OF SYMPLECTIC REDUCTIONS 5
2.1. Equivariant cohomology with Z/2Z coefficients. Let G be a compact Lie
group acting on M. Then the equivariant cohomology of M is defined to be the
ordinary cohomology of the Borel construction. Let EG be an equivariantly con-
tractible space on which G acts freely. The Borel construction is
MG := M×G EG
where the right-hand side is the set of equivalence classes of pairs (m, e) such that
m ∈ M, e ∈ EG and (m, e) ∼ (g · m,g · e) for all g ∈ G. By definition, the G-
equivariant cohomology of M is H∗G(M) := H
∗(MG). All MG are homotopic for
different choices of EG, and so any choice of EG will induce the same equivariant
cohomology ring.
For any compact oriented G-manifolds N and M and any G-equivariant map
f : N → M, there is an associated map fG : NG → MG defined by fG(n, e) =
(f(n), e) on equivalence classes. This induces the pullback and the pushforward
in cohomology:
f∗ : H∗G(M)→ H∗G(N)
f∗ : H
∗
G(N)→ H∗−qG (M)
where q = dimN − dimM, and may be negative. In particular, equivariant
cohomology is functorial. Note that the pushforward does not preserve degree,
whereas the pullback is a ring map.
In the case of the map π : M → pt which sends all of M to a point pt, the
induced map in equivariant cohomology π∗ : H∗G(p) = H
∗(EG/G) → H∗G(M)
turns H∗G(M) into a module over H
∗
G := H
∗
G(pt). We note that H
∗
G(M) is not al-
ways a free module over H∗G: in particular, if G acts freely on a finite dimensional
manifold M, then H∗G(M) = H
∗(M/G) (as can be seen by noticing that the fiber
of MG → M/G is EG, which is contractible) has finite-dimensional cohomology.
However, H∗G is not finite for nontrivial G, and so the module is not free. When
H∗G(M) = H
∗
G ⊗ H∗(M) as vector spaces, we say that M is equivariantly formal.
Clearly, the module structure is free in this case. Hamiltonian G-spaces are exam-
ples of equivariantly formal spaces.
An important fact is that for G = (Z/2Z)n, one choice of BG is (RP∞ )n. Thus,
with Z/2Z coefficients,
H∗G = Z/2Z[x1, . . . , xn]
where degxi = 1 for all i.
2.2. The Thom isomorphism in Z/2Z-cohomology. LetN ⊂M be a submanifold
of real codimension k. In ordinary cohomology (with any ring of coefficients), the
Thom isomorphism is a map between the cohomology of N and the compactly
supported cohomology of the normal bundle νN of N in M. The Thom isomor-
phism does not preserve degree; it increases degree by k:
T : H∗(N) −→ H∗+kc (νN).
This latter ring is identified using excision to the relative cohomology as follows:
H∗c(νN)
∼= H∗(DN, SN) ∼= H∗(M,M−N)
where DN and SN are the disk and sphere bundles of N in M, respectively. The
class τ = T(1) is called the Thom class of νN. Then T(α) = p∗α ∪ τ, where p∗ is
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the map induced by the projection p : νN → N. The class τ has the identifying
property that,
∫
Rk
τ = 1, where τ is restricted to the fiber of νN→ N.
In equivariant cohomology we avoid the issue of compact support by remain-
ing in the relative cohomology ring. The following discussion is an equivariant
version of well-known results found in [18] and [15]. We now restrict ourselves to
the coefficient ring Z/2Z.
Let G be a compact Lie group acting onM. LetN be a G-invariant submanifold
of M with codimension k with normal bundle νN. Then NG is a co-dimension
k submanifold of MG. Let νNG be its normal bundle and p : νNG → NG the
projection. Note that νNG = (νN)G if νN is identified with a G-invariant tubu-
lar neighborhood of N. Choose a G-invariant Riemannian metric on νNG, and
let DNG and SNG be the unit disk and sphere bundles, respectively. As N is an
oriented submanifold ofM, SNG is an oriented sphere bundle over NG. Consider
the bundle
(D, S)

 i // (DNG, SNG)
p

NG
where (D, S) is the fiber over any point x ∈ NG in the relative bundle (DNG, SNG).
The cohomology H∗(DNG, SNG) is isomorphic to that of the relative normal bun-
dle H∗(νNG, νNG −NG) =: H
∗
G(νN, νN−N). There is a unique equivariant Thom
class
τG ∈ Hk(νNG, νNG −NG) =: HkG(νN, νN−N)
(in Z/2Z coefficients) such that τG restricted to the (relative) fiber over any point
is the unique nonzero class in the ordinary cohomology Hk(D, S), where D and S
are the intersection of the fiber with the disk and sphere bundles, respectively.
In particular, the equivariant Thom isomorphism in Z/2Z coefficients is the map
T : H∗G(N) → H∗+kG (νN, νN − N) obtained by the composition of p∗ : H∗G(N) →
H∗G(νN) induced by the projection, and the map
∪τG : H∗G(νN)→ H∗+kG (νN, νN−N)
which multiplies any class in H∗G(νN) by τG using the cup product. In other
words, T(α) = p∗(α) ∪ τG.
Lemma 2.1. Let N be a submanifold of M, where N and M are compact, oriented man-
ifolds. Let νN be the normal bundle of N in M. Let G act on M fixing N, such that for
every point p ∈ νN − N, there is a Z/2Z ⊂ G acting nontrivially on p. In cohomology
with Z/2Z coefficients, the restriction of the equivariant Thom class τG to the submanifold
N is the top equivariant Stiefel-Whitney class of the bundle νN.
Remark 2.2. The reason this theorem is so powerful is that it has the following
interpretation. Let f : N →֒M be the inclusion. The composition
H∗G(N)
T // H∗+kG (νN, νN−N)
∼= H∗+kG (M,M−N)
j∗
// H∗+kG (M)
is the pushforward f∗. Here j
∗ is the map induced by the inclusion (M, ∅) ⊂
(M,M − N). Lemma 2.1 states that, in Z/2Z-cohomology, f∗f∗(1) = w
G
k (νN),
where f∗ is the pullback. In Z-cohomology, f∗f∗(1) = eG(νN), the equivariant
Euler class of the normal bundle.
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Proof of Lemma 2.1. The top Stiefel-Whitney class is defined using the “squaring
operation”. For a ∈ HkG(νN, νN − N;Z/2Z), let Sqk(a) = a ∪ a. The kth equi-
variant Stiefel-Whitney class is the unique class wGk (νN) ∈ HkG(N;Z/2Z) such that
T(wGk (νN)) = Sq
k(τG). Thus
T(wGk (νN)) = p
∗(wGk (νN)) ∪ τG = τG ∪ τG.
Since T(f∗j∗(τG)) = p
∗(f∗j∗(τG)) ∪ τG = τG ∪ τG, and T is an isomorphism, it
follows that f∗j∗(τG) = w
G
k (νN). 
We show in the proof of Lemma 2.3 that, under appropriate assumptions re-
garding the G action on νN (an assumption implied by no 2-torsion), multiplica-
tion by the equivariant Stiefel-Whitney class is injective.
2.3. The equivariant top Stiefel-Whitney class. SupposeM is compact and sym-
plectic, equipped with an anti-symplectic involution σ. We assume that there is
a compact torus T acting on M in a Hamiltonian fashion, and a real torus TR =
(Z/2Z)n ⊂ T acting on the real locus Q = Mσ. One of the critical properties
of Hamiltonian actions on compact manifolds is the richness of the structure of
the fixed point sets. We use the behavior of the group action on the normal bun-
dles of these fixed sets to obtain cohomological information. The following lemma
describes the cohomology locally near a fixed point set. It is crucial in making
subsequent inductive arguments.
Lemma 2.3 (Atiyah-Bott). Let E → N be a rank k bundle over a compact, connected,
oriented manifold N, and G either a compact torus or G = (Z/2Z)n acting on E whose
fixed point set is exactlyN. Suppose also that the cohomology of N has no torsion over Z.
Choose a G-invariant Riemannian metric and let DE and SE be the disk and sphere bun-
dles, respectively, of E. Then the long exact sequence induced by the inclusions (SE, ∅) →֒
(DE, ∅) →֒ (DE, SE) splits into short exact sequences
0→ H∗G(DE, SE)→ H∗G(DE)→ H∗G(SE)→ 0,
where the coefficient ring is taken to be Z if G is a compact torus, and Z/2Z for G =
(Z/2Z)n.
Remark 2.4. In the case thatG = (Z/2Z)n, the requirement thatG act on the fibers
of E nontrivially is weaker than the condition of no 2-torsion for n > 1.
Remark 2.5. The condition thatN have no torsion is unnecessary if the coefficient
ring is Z/2Z.
Proof. The proof of 2.2 can be found in [4] in the case that G = T , a compact torus.
Suppose that G = (Z/2Z)n and the coefficient field is Z/2Z. Since N is fixed by
Gwe have
(2.1) H∗G(N;Z/2Z) = H
∗
G(pt)⊗H∗(N) = Z/2Z[x1, . . . , xn]⊗H∗(N).
We show that the leading term of wGk (E) in (2.1) is nonzero, where deg(xi) = 1
and k is the rank of E. As we have assumed that N has no torsion, if the leading
term in H∗G(pt) ⊗ 1 is not zero, then the equivariant Stiefel-Whitney class is not a
zero-divisor.
Consider the inclusion of a point p →֒ N and the induced projection
H∗G(N)→ H∗G(p) = H∗G.
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We need only show that the projection of wGk (E) is nonzero. The fiber V over
p is a representation of G which, since G is simply a product of Z/2Z’s, splits
into real one-dimensional representations Vi of G. Each of these representations is
nontrivial, by our assumption that G fixes exactly N in the bundle E. The bundle
Vi ×G EG → BG is the pullback of the canonical line bundle over RP∞ under the
projection BG = (RP∞ )n → RP∞ to one component. This bundle has nontrivial
first Stiefel-Whitney class by the axiomatic definition of these classes. Thus the
projection of wGk (E) is w
G
k (V) =
∏
iw
G
1 (Vi)which is nonzero.
We identifyH∗T (DE, SE)withH
∗−k
T (N) using the Thom isomorphism, andH
∗
G(DE)
with H∗G(N) by contraction. Then the map H
∗
G(DE, SE) → H∗G(DE) is identified
with the injective map given by multiplication by the Euler class (in Z coefficients)
or the Stiefel-Whitney class (in Z/2Z coefficients). It follows that the long exact
sequence
. . . // H∗−1G (SE)
// H∗G(DE, SE)
// H∗G(DE)
// H∗G(SE)
// . . .
splits into short exact sequences.
Another proof of this lemma can be found in [1]. 
3. MORSE-KIRWAN THEORY FOR REAL LOCI
We return to case where M is a compact connected symplectic manifold with
a Hamiltonian T action with moment map Φ : M → t∗. Suppose also that M is
equipped with an anti-symplectic involution that anti-commutes with T . LetQ be
the real locus ofM. We fix an inner product on t∗.
3.1. Morse-Kirwan functions on real loci. In this section, we will prove three
important lemmas. In the first, we determine the critical sets of |Φ|2|Q in Q. Duis-
termaat showed [11] that for any component of the moment map Φξ, if CM is the
set of critical points for Φξ on M, the set of critical points of Φξ|Q is (CM)
σ. We
prove an analogous result for |Φ|2|Q.
Lemma 3.1. Let CM be the set of critical points of the function |Φ|
2 : M → R, and let
CQ be the set of critical points of |Φ|Q|
2 : Q → R. Then CM is preserved by σ, and
CσM = CQ.
Proof. Recall thatQ is the fixed point set of the involution σ, and that σ commutes
with the moment map Φ. For any point p ∈ Q we have TpQ = ker(dσp − I) =
{v+ dσp(v)| v ∈ TpM}.
Suppose p is critical for |Φ|2. The involution σ induces an isomorphism of tan-
gent spaces. So Φ ◦ σ = Φ implies that σ(p) is critical for |Φ|2. Thus CM is pre-
served by σ.
Suppose that a p ∈ Q is critical for |Φ|2. Then clearly p is critical for |Φ|Q|2, so
CσM ⊆ CQ.
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Now suppose that p ∈ Q is critical for |Φ|Q|2. Then for all v ∈ TpM,
0 = d|Φ|Q|
2
p(v+ dσp(v))
= 2Φ(p) · d(Φ|Q)p(v+ dσp(v))
= 2Φ(p) · [d(Φ)p(v) + dΦp(dσp(v))]
= 2Φ(p) · [d(Φ)p(v) + d(Φ ◦ σ)p(v)]
= 2Φ(p) · [d(Φ)p(v) + d(Φ)p(v)]
= 4Φ(p) · dΦp(v) = 2d|Φ|2p(v),
so p is critical for |Φ|2 as well. 
In the next two lemmas, we show that the functionsΦξ|Q and |Φ|
2|Q areMorse-
Kirwan functions onQ, whenQ contains no 2-torsion points. As before,M is com-
pact, connected, and symplectic with a Hamiltonian torus action and involution
σ fixing the real locus Q. We suppose also that Q contains no 2-torsion points.
The following two lemmas are real locus versions of results of Kirwan [14]. The
proof of the first lemma is nearly identical to that given by Tolman and Weitsman
in [20]. The only differences that occur are a result of the possibility of 2-torsion
points. The proof of the second lemma contains some additional analysis concern-
ing critical sets. We include the proofs here for completeness.
Lemma 3.2. Choose an invariant Riemannian metric on M. Given any ξ ∈ t, define
f = Φξ|Q. Let C be a critical set of index λ for f, and assume that C is the only critical set
in the preimage of an ε-neighborhood around f(C), for some ε > 0. Define
Q± = f−1 ((−∞, f(C)± ε)) .
Then the long exact sequence of the pair (Q+, Q−) splits into short exact sequences in
equivariant cohomology, with Z/2Z coefficients:
0→ H∗TR (Q+, Q−)→ H∗TR (Q+)→ H∗TR (Q−)→ 0.
Proof. The function f is Morse-Bott at every connected component of the critical
set. When ξ is generic, the critical sets are precisely the connected components of
the fixed points. When ξ is not generic, then the critical sets are connected com-
ponents of (MK)σ, where K ⊆ T is some closed subtorus of T . Since the action is
smooth, these sets are submanifolds. The negative normal bundle to C is oriented,
except at the minimum, where the negative normal bundle is zero. Consider the
long exact sequence in equivariant cohomology with Z/2Z coefficients,
· · ·→ H∗TR(Q+, Q−)→ H∗TR(Q+)→ H∗TR(Q−)→ H∗+1TR (Q+, Q−)→ · · · .
Let c = f(C) be a nonminimal critical value corresponding to C. By assumption, c
is the only critical value in the interval [c− ε, c+ ε]. Denote the negative disc and
sphere bundles to C in Q by Dc and Sc respectively. We let λ denote the Morse
index of C in Q. Following an identical argument to [20, Proof of Proposition 2.1],
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we obtain a commutative diagram, with Z/2Z coefficients,
(3.1)
// H∗TR(Q
+, Q−)
γc
//
∼=

H∗TR(Q
+)
βc
//

H∗TR(Q
−) //
H∗TR(Dc, Sc)
δc //
∼=

H∗TR(Dc)
H∗−λTR (Dc)
∪wc
88
p
p
p
p
p
p
p
p
p
p
p
where wc = wk(Dc) is the equivariant top Stiefel-Whitney class of the bundle
Dc → C. The left-most vertical arrows in the diagram are excision and the Thom
isomorphism with Z/2Z coefficients. Remark 2.2 ensures that the diagonal arrow
is indeed the cup product withwc. Because there are no 2-torsion points in C ⊆ Q,
TR fixes no sub-bundle of the negative normal bundle. Lemma 2.3 ensures that the
cup product map ∪wc is injective, and so δc and γc must also be injective. Thus,
the long exact sequence splits.
If a = f(C) is the minimum critical value, the spaces Q+ and C are equivari-
antly homotopic, and Q− is empty. Thus, H∗TR(Q
−) = 0 and H∗TR(Q
+) ∼= H∗TR(C).
Therefore, the sequence splits in this case as well. This completes the proof of the
lemma. 
Lemma 3.3. Choose an invariant Riemannian metric on M. Given a ∈ t∗, let fa(x) =
〈Φ(x) − a,Φ(x) − a〉 = |Φ(x) − a|2. Let X ⊂ M be a critical set for fa, and assume
that X is the only critical set in the preimage of an ε-neighborhood around fa(X), for some
ε > 0. Define
Q±a = f
−1
a ((−∞, fa(X)± ε)) ∩Q.
Then the long exact sequences of the pair (Q+a , Q
−
a ) split into short exact sequences in
equivariant cohomology, with Z/2Z coefficients:
0→ H∗TR (Q+a , Q−a )→ H∗TR (Q+a )→ H∗TR (Q−a )→ 0.
Proof. Suppose X is not the critical set at the 0-level set. While the function fa
may not be Morse-Bott at X, Kirwan proves [14] that the critical sets behave on a
cohomological level as if they were nondegenerate. There is a smooth stratification
{Sα, α ∈ B} ofM, where B is an index set of vectors in t∗, such that, for some β ∈ B,
the stratum Sβ contains precisely those x ∈ M such that the limit of the path of
steepest descent for fa from x is in X. Kirwan proves that the inclusion X ⊂ Sβ is an
equivalence of T -equivariant cohomology. Furthermore, close to X, Sβ coincides
with a T -invariant submanifold Σ of a neighborhood of X, and Σ has a well-defined
orientable normal bundle.
Let Xσ be the fixed point set of the involution σ of X. All critical sets of fa
restricted to Q will be of the form Xσ, by Lemma 3.1. Then Xσ is the only critical
set of fa|Q in Q
+
a and not in Q
−
a . We assume X
σ is connected, for each component
can be treated individually by a direct sum argument in the following discussion.
Xσ lies in Σσ, the submanifold of a neighborhood of Xσ in Q formed by the fixed
point set of σ on Σ (Σσ is smooth since σ is a smooth action on Σ). Furthermore,
Σσ has a well-defined oriented normal bundle in Q, Σσ coincides with Sσβ close to
Xσ, and Xσ ⊂ Sσ is an equivalence in T -equivariant cohomology by [6].
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Consider the long exact sequence in equivariant cohomology with Z/2Z coeffi-
cients,
· · ·→ H∗TR(Q+a , Q−a )→ H∗TR(Q+a )→ H∗TR(Q−a )→ H∗+1TR (Q+a , Q−a )→ · · · .
Except at the minimum, there is a commutative diagram of the form (3.1). The
2-torsion hypothesis guarantees that TR acts nontrivially on the negative normal
bundle to Σσ, and that the cup product with the equivariant Stiefel-Whitney class
is an injection. By Kirwan’s work (extended to the real case as above) the negative
normal bundle to Σσ plays the role (cohomologically) that the negative normal
bundle to the critical set plays in the case that the critical set is itself a smooth
manifold.
Finally, at the minimum f−1a (0), the spacesQ
+
a and X
σ are equivariantly homo-
topic, and Q−a is empty. Thus, H
∗
TR
(Q−a ) = 0 and H
∗
TR
(Q+a )
∼= H∗TR(X
σ). The lemma
now follows. 
3.2. Kirwan’s injectivity theorem for real loci. Let M be a compact symplectic
manifold with Hamiltonian T -action with moment map Φ. LetMT denote the set
of fixed points ofM. Kirwan’s injectivity theorem [14] states that the inclusion
i : MT →֒M
induces an injection in equivariant cohomology
i∗ : H∗T (M) →֒ H∗T (MT ).
The real locus analogue is proved in [6] using algebraic techniques. Schmid hints
that there is a Morse-Kirwan theoretic proof in [17], but does not provide the de-
tails.
Theorem 3.4 ([6], [17]). Let M be a compact symplectic manifold with Hamiltonian T -
action with moment map Φ. Let Q be the real locus of M and let F = QTR be the fixed
points of TR in Q, with natural inclusion map i : F →֒ Q. Assume that F contains no
2-torsion points. Then the pullback in equivariant Z/2Z-cohomology
i∗ : H∗TR(Q)→ H∗TR(F)
is injective.
Proof. Choose an element ξ ∈ t such that the critical set ofΦξ is precisely F. Order
the critical values of f = Φξ as c1 < · · · < cN, and let Fi be the critical points with
f(Fi) = ci. Denote
Q±i = f
−1((−∞, ci ± ε)).
The theorem holds for Q−1 because this set is empty. We proceed by induction.
Suppose that
H∗TR(Q
−
i ) →֒ H∗TR(Q−i ∩ F)
is an injection. We need to apply Lemma 3.2, at the critical sets of Φξ, which
are precisely the fixed point components of F. Thus, since F contains no 2-torsion
points, we conclude that there is a short exact sequence
0→ H∗TR(Q+i , Q−i )→ H∗TR(Q+i )→ H∗TR(Q−i )→ 0.
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Let i∗± be the inclusion Q
±
i ∩ F →֒ Q±i . Then we have a commutative diagram,
with Z/2Z coefficients,
0 // H
∗
TR
(Q+i , Q
−
i )
//
∼=

H∗TR(Q
+
i )
//
i∗
+

H∗TR(Q
−
i )
//
i∗
−

0
0 // H
∗
TR
(Fi)
= // H∗TR(Q
+
i ∩ F) // H∗TR(Q−i ∩ F) // 0.
The map i∗− is an injection by the inductive hypothesis. A diagram chase shows
that i∗+ is an injection. Finally, notice thatQ
+
i is equivariantly homotopy equivalent
to Q−i+1. This completes the proof. 
4. PROVING SURJECTIVITY (THEOREM 1)
4.1. Reductions of real loci. Suppose that µ is a regular value of Φ, and that T
acts freely on Φ−1(µ). Then Mred = M//T(µ) is a symplectic manifold with a
canonical symplectic form ωred. Notice that Φ is σ-invariant: Φ(σ(x)) = Φ(x).
Thus, σ acts on the level sets Φ−1(µ), taking T -orbits to T -orbits. Therefore, there
is an induced involution σred onMred. There are natural maps
Φ−1(µ)

 i //
pi

M
M//T(µ)
The symplectic form ωred on M//T(µ) satisfies the property that π
∗ωred = i
∗ω.
It is immediate that σ also satisfies π∗σred = i
∗σ.
Proposition 4.1. The involution σred on M//T(µ) is anti-symplectic with respect to
ωred.
Proof. Notice first that
i∗(σ∗ω) = −i∗ω, since σ∗ω = −ω
= −π∗ωred
= π∗(−ωred).
But now we also notice that
i∗(σ∗ω) = (i∗σ)∗(i∗(ω)), since Φ is σ-invariant
= (π∗σred)
∗(π∗(ωred))
= π∗(σ∗redωred).
Thus π∗(−ωred) = π
∗(σ∗redωred). Finally, we notice that π
∗ is an injection, com-
pleting the proof. 
Corollary 4.2. The real locus (M//T(µ))σred ofM//T(µ) is a Lagrangian submanifold.
Proof. This follows immediately from the proposition, as Duistermaat has shown
in [11] that the real locus of any symplectic manifold with any anti-symplectic
involution is Lagrangian. 
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The torus T acts freely on Φ−1(µ), so the subset TR of order two elements acts
freely on (Φ|Q)
−1(µ). Thus the reduction of the real locus is well defined:
Q//TR(µ) := ((Φ|Q)
−1(µ))/TR.
Proposition 4.3. Let M be a compact symplectic manifold, and suppose T acts onM in
a Hamiltonian fashion. SupposeM has real locus Q. Let µ ∈ t∗ be a regular value of the
moment map such that T acts freely on Φ−1(µ). Then
(M//T(µ))σred = Q//TR(µ).
Proof. The symplectic reductionM//T(µ) consists of T -orbits with moment image
µ. The points of (M//T(µ))σred are those orbits which are fixed by σ. On the other
hand, the reductionQ//TR(µ) consists of TR-orbits in Q with moment image µ.
Given a T -orbit T · y fixed by σ, there is a TR-orbit in T · y that is fixed pointwise
by σ, for suppose that σ(y) = t · y for some t ∈ T . Then
x = σ(
√
t · y) =
√
t · y
is fixed by σ, and moreover, TR · x is the orbit we seek. In particular, we can view
TR · x as a TR-orbit in Qwith moment image µ.
Finally, given a TR-orbit TR · x in Q with moment image µ, this orbit extends to
T · x, a T -orbit fixed by σ in M. We claim that this is the only TR-orbit extending
to T · x. Suppose that T · x1 = T · x2 for two distinct TR-orbits TR · x1 and TR · x2.
Then there is a t ∈ T such that x1 = t · x2. But then, σ(x1) = σ(t · x2). Thus,
x1 = t
−1 · x2. But now, because T acts freely on Φ−1(µ), the element t must be in
TR, so TR · x1 = TR · x2, completing the proof. 
4.2. The proof of surjectivity. In this section, we will prove that there is a surjec-
tion from the TR-equivariant cohomology of Q onto the ordinary cohomology of
Q//TR(µ). We will first show this for µ = 0, and we can then deduce the theorem
for all other values µ by shifting the moment mapΦ appropriately. Wewill use the
function f = |Φ|2 as a Morse-Kirwan function on Q and apply Lemma 2.3 induc-
tively to show that H∗TR(Q) → H∗(Q//TR(0)) with Z/2Z coefficients is a surjective
map.
Suppose a torus T acts onM in a Hamiltonian fashion. Let 0 be a regular value
of the moment map Φ, and assume that T acts freely on Φ−1(0). Suppose fur-
ther that Q is the real locus of M and that Q contains no 2-torsion points. Then
Theorem 1 states that the map with Z/2Z coefficients
(4.1) H∗TR(Q)→ H∗(Q//TR(0))
induced by inclusion is a surjection. We prove this now.
Proof of Theorem 1. Let f0 = |Φ|
2|Q, and let c0 < c1 < · · · < cN be the finitely
many critical values of f0, where c0 = 0. Choose ε > 0 so that ci + ε < ci+1 and
ci − ε > ci−1 for all i. Let
Q±i = f
−1
0 ((−∞, ci ± ε)).
The set Q−0 is empty, while Q
+
0 is equivariantly homotopy equivalent to f
−1
0 (0).
The free TR action implies
H∗TR(Q
+
0 ) = H
∗(Q//TR(0)),
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in Z/2Z coefficients. We note that Q+i is equivariantly homotopy equivalent to
Q−i+1 and Q
+
N = Q. As Q has no 2-torsion points, we apply Lemma 3.3 to Q
+
i and
Q−i to obtain a short exact sequence with Z/2Z coefficients
0→ H∗−λiTR (f−10 (ci))→ H∗TR(Q+i )→ H∗TR(Q−i )→ 0.
Thus, we have a surjection H∗TR(Q
+
i ) → H∗TR(Q+i−1) over Z/2Z, because Q−i is
equivariantly homotopy equivalent to Q+i−1. Over all i we obtain a sequence of
surjections in equivariant cohomology with Z/2Z coefficients
H∗TR(Q) = H
∗
TR
(Q+N)→ H∗TR(Q+N−1)→ · · ·
· · ·→ H∗TR(Q+1 )→ H∗TR(Q+0 ) = H∗(Q//TR(0)),
induced by inclusions Q+i →֒ Q+i+1. The composition is the Kirwan map (4.1). 
We have only proved the theorem for the regular value µ = 0. Suppose µ
is some other regular value of Φ such that T acts freely on Φ−1(µ). Since Φ is
determined only up to its constant term, we may choose a new moment map Ψ =
Φ − µ. This new moment map will have Ψ−1(0) = Φ−1(µ), and so we may apply
the above argument to Ψ to prove that there is a surjection
κR : H
∗
TR
(Q)→ H∗(Q//TR(µ)).
5. THE KERNEL OF THE REAL KIRWAN MAP (THEOREM 2)
We now compute the kernel of the real Kirwan map, κR (Theorem 2). The tech-
nique for real loci is identical to the symplectic analogue. However, we must im-
pose some additional requirements on our real locus. First, we require injectivity
of the equivariant cohomology of the real locus to the equivariant cohomology of
its fixed point set (Theorem 3.4). Second, we require that the multiplication by the
top Stiefel-Whitney class of the negative normal bundles to certain functions be
nonzero. This follows from the proof of Lemma 2.3. Here the (Z/2Z)n-equivariant
Stiefel-Whitney class plays the role that the equivariant Euler class does in [19].
Following [19] but restricting our attention to the real locus, we define
Qξ = {p ∈ Q | 〈Φ(p), ξ〉 ≤ 0} .
for any ξ ∈ t, and
Kξ =
{
α ∈ H∗TR(Q;Z/2Z)
∣∣∣∣ α|F∩Qξ = 0
}
,
where F = QTR . Finally, define the ideal
KR =
〈∑
ξ∈t
Kξ
〉
.
Theorem 2 states that KR is the kernel of κR.
Proof of Theorem 2. First, we show that KR ⊆ ker(κR). Let α ∈ Kξ be a class in
KR for some ξ ∈ t. The real-valued function f = Φξ|Q is a Morse-Kirwan function
on Q, in the sense of Lemma 3.2. Let d1 < · · · < dn be the critical values of f,
and let i be such that di < 0 < di+1. Applying Lemma 3.2 inductively to the
REAL LOCI OF SYMPLECTIC REDUCTIONS 15
function f, we see that α|Qξ = 0. But Qξ is homotopy equivalent to Q
−
i+1, where
Q−i+1 = f
−1(−∞, di+1 − ǫ) for sufficiently small ǫ. ThenΦ|−1Q (0) ⊂ f−1(0) implies
α|Φ|−1
Q
(0) = α|f−1(0) = 0.
That is, α ∈ ker(κR).
Next, following methods introduced in [19], we show that ker(κR) ⊆ KR. A
class α ∈ ker(κR) implies that α|Φ−1(0)σ = 0. By the injectivity on the real locus
(Theorem 3.4), it suffices to find β ∈ KR such that β|Fi = α|Fi for all components
Fi of the fixed point setQ
TR .
Let f0 = |Φ|
2|Q, and order the critical sets C0, . . . , CN of f0 with f0(Ci) = ci so
that the critical values are 0 = c0 < c1 < · · · < cN. Note that d|Φ|2 = d| |2 ◦ dΦ
and so we find the critical sets directly. For any x ∈ Q and v ∈ TxQ we have
d|Φ|2x(v) = d| |
2
Φ(x) ◦ dΦx(v)(5.1)
= 2Φ(x) · dΦx(v).(5.2)
In particular, critical points consist of x ∈ Φ−1(0), as well as any points x ∈ Q such
that d(|Φ|2|Q)x(v) = 0 for all v ∈ TxQ, or d(|Φ|2|Q)x(v) is perpendicular to Φ(x)
for all v ∈ TxQ. Since the differential of Φ is 0 at fixed points, the fixed point set
QTR is critical for f0. Note that α|C0 = 0.
Now assume that α|Ci = 0 for all i < p and α|Cp 6= 0. Applying Lemma 3.3
to f0, we see that α|Cp = mwk, where mwk ∈ H∗TR(Cp) is some multiple of the
equivariant top Stiefel-Whitney class wk of the negative normal bundle ν
−
f0
Cp to
Cp for f0.
Suppose α|Ci = 0, i = 1, . . . , p − 1. We find βp ∈ KR such that α|Ci = (βp)|Ci ,
i = 1, . . . , p. Then (α − βp)|Ci = 0 for i = 1, . . . , p and we apply the argument
inductively to find α =
∑N
k=p βk ∈ KR. Let
S =
{
F ∈ QTRcc
∣∣∣Φ(F) ·Φ(Cp) < 0} ,
where QTRcc denotes the connected components of the fixed point set. Note that if
βp ∈ H∗TR(Q) and βp|S = 0, then βp ∈ KR.
The class βp is constructed by finding a new Morse-Bott-Kirwan function h on
Q such that:
(1) QTR is critical for h.
(2) Cp is critical for h, and the negative normal bundle ν
−
hCp equals ν
−
f0
Cp.
(3) h(Ci) < h(Cp) for all i = 1, . . . , p − 1.
(4) h(F) < h(Cp) implies Φ(F) ·Φ(Cp) < 0 for any component F of QTR .
Provided such a function h exists, we construct βp as follows. Let C0, . . . , CM
be critical sets of h such that h(C0) < · · · < h(CM). Since Cp is critical, we let
(βp)|Ci = 0 for all Ci with h(Ci) < h(Cp). By Theorem 3.3 we may choose
βp|Cp = mwk(ν
−
hCp)
= mwk(ν
−
f0
Cp) =mwk by condition (2).
By condition (1) we have βp|F = 0 for all connected components F in Q
TR such
that h(F) < h(Cp). It then follows by (3) that βp|Ci = 0 for all i = 1, . . . , p − 1 by
the argument at the beginning of this proof. Lastly, we note that by condition (4),
βp ∈ KR.
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It is left to prove such a function exists. This is achieved by perturbing f0 into a
family of functions parametrized by λ ∈ R+, all of which are equivariantly perfect,
and then we apply Lemma 3.3 to an appropriate perturbation to find β. Define
fλa = |Φ|Q + λa|
2,
where a = cp. Note that for all x ∈ Q and v ∈ TxQ,
d (fλa) |x(v) = d
(
| |2
)
|Φ|Q(x)+λa ◦ d(Φ|Q + λa)|x(v)
= 2 (Φ|Q(x) + λa) · d(Φ|Q + λa)|x(v)
= 2 (Φ|Q(x) + λa) · d(Φ|Q)|x(v)
Thus fλa is singular on Q exactly when x ∈ Φ−1(−λa), when d (Φ|Q) |x(v) = 0
or when d (Φ|Q)x (v) is perpendicular toΦ|Q(x)+λa. In particular, fλa is singular
on QTR , satisfying condition (1). We note also that Cp is critical for fλa (condition
(2)), since for x ∈ Cp and v ∈ TxQ,
d(fλa)|x(v) = (Φ|Q(x) + λa) · d(Φ|Q)x(v)
= (1+ λ)a · d(Φ|Q)x(v) since Φ(x) = Φ(Cp) = cp = a
= (1+ λ)
1
2
d(|Φ|2|Q)|x(v)
= 0, since Cp is critical for |Φ|
2.
This argument also shows that condition (3) holds: the normal bundles ν−f0Cp and
ν−fλaCp are equal, since d(fλa)|x(v) < 0 if and only if d(f0)x(v) < 0 (when x ∈ Cp).
Thus wk is the equivariant Stiefel Whitney class of the normal bundle to Cp for
fλa. Note that each of the functions in this perturbed family is still Morse-Bott-
Kirwan, in the sense of Lemma 3.3, since in that lemma, we make no assumption
on the value a.
Since fλa(F) = Φ(F) · Φ(F) + 2λΦ(F) · Φ(Cp) + Φ(Cp) · Φ(Cp), we note that if
Φ(F) · Φ(Cp) < 0, then for large enough λ, fλa(F) < fλa(Cp). As Q is compact,
there is some L such that λ ≥ L implies
fλa(F) < fλa(Cp)
for all connected components F of QTR with Φ(F) · Φ(Cp) < 0. Thus conditions
(1)–(4) are satisfied by h = fLa. Thus there exists β ∈ KR and βp|Ci = α|Ci for all
i ≤ p, as desired. 
6. EXAMPLES
6.1. The product of two spheres. Letω be the standard symplectic form on CP1,
and let S1 act on CP1 by rotation. Let M = CP1 × CP1 with symplectic form
(ω,−ω). Consider the Hamiltonian T = S1 action onMwhich sends
θ · (z,w) 7→ (θ · z,−θ ·w).
Then the involution σ which switches the factors of M, σ(z,w) = (w, z) is anti-
symplectic and anti-commutes with the S1 action. Moreover, the real locus of this
involution is Q = {(w,w)}, the diagonal copy of CP1. The TR action on Q is an
action by Z/2Z, where the nontrivial element acts by rotation by π.
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Let Φ be a moment map for the S1 action on M, and let µ be a regular value.
Then M//S1(µ) = CP1 and Q//TR(µ) = RP
1. Theorem 1 implies that there is a
surjection
κR : H
∗
Z/2Z(CP
1;Z/2Z)→ H∗(RP1;Z/2Z).
The real locus CP1 is equivariantly formal, since H∗(CP1;Z/2Z) has classes only
in even degrees. Thus, as a vector space,
H∗TR(CP
1;Z/2Z) ∼= H∗TR ⊗H∗(CP1;Z/2Z).
The only class in degree 1 is the equivariant class inH1TR(pt;Z/2Z), and so the only
element ofH∗TR(CP
1;Z/2Z)which is not in the kernel of κR is this equivariant class.
6.2. Amod 2 GKM example. SupposeM is a compact Hamiltonian T space. Sup-
pose further thatM has only finitely many fixed points, and that for p ∈ MT , the
weights of the isotropy representation of T on TpM are pairwise independent over
Z and over Z/2Z. Then we say that M is a mod 2 GKM space. Such examples
include toric varieties, all coadjoint orbits in type An, and some (nonmaximal)
coadjoint orbits in other types. In this case, a result of [6] states that there is an
isomorphism
(6.1) H2∗T (M;Z/2Z)
∼= H∗TR(Q;Z/2Z)
dividing degrees in half. Moreover, if we write down each of these rings as sub-
rings of the equivariant Z/2Z-cohomology of the appropriate fixed point sets, then
the subrings are equal with a change in grading inherited from the module struc-
ture. Both the left- and right-hand sides of equation (6.1) are modules over the cor-
responding cohomology of a point. In both cases, this coefficient ring is the poly-
nomial ring Z/2Z[x1, . . . , xn] but the generators are regarded as degree 2 classes
on the left, and as degree 1 classes on the right. For example, suppose M = Oλ
is a coadjoint orbit of type A2. In Figure 1, we show an equivariant class α, rep-
resented by a polynomial associated to each fixed point, pictured here on the mo-
ment map image. As a class in H∗T (Oλ;Z/2Z), α is a degree 2 class. As a class in
H∗TR((Oλ)σ;Z/2Z), it is a degree 1 class.
x 0
y
x 0
y
x
y x+y
FIGURE 1. This shows an equivariant class α on a coadjoint orbit
Oλ of type A2.
Now let Φ : M→ t∗ be the moment map, and suppose µ ∈ t∗ is a regular value
such that T acts freely onΦ−1(µ). As a result of Kirwan’s surjectivity for symplec-
tic reductions and Theorem 1, we have two short exact sequences in equivariant
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cohomology, with Z/2Z coefficients:
0 // K
κ // H2∗T (M;Z/2Z)
// H2∗(M//T(µ);Z/2Z) // 0
0 // KR
κR // H∗TR(Q;Z/2Z)
// H∗(Q//TR(µ);Z/2Z) // 0.
The Tolman-Weitsman Theorem and Theorem 2 imply that the generators of K and
KR are identified under the equality. For example, Figure 2 demonstrates the class
αwhich is a degree 2 class in Kξ(M) and is a degree 1 class in Kξ(Q), for the µ and
ξ shown.
x 0
y ξ
µ
x 0
y
x
y x+y
FIGURE 2. This shows a class α in Kξ for Oλ//T(µ) and for (Oλ//T(µ))σ.
Thus, we have a commutative diagram
0 // K
κ // H2∗T (M;Z/2Z)
// H2∗(M//T(µ);Z/2Z) // 0
0 // KR
κR // H∗TR(Q;Z/2Z)
// H∗(Q//TR(µ);Z/2Z) // 0.
By the Five Lemma,
H2∗(M//T(µ);Z/2Z) = H∗(Q//TR(µ);Z/2Z)
as rings. This result is analogous to Duistermaat’s original result on the topology
of real loci,; however M//T may not have a Hamiltonian torus action. Thus this
example extends Duistermaat’s result to symplectic reductions.
6.3. Real toric varieties. In the symplectic setting, a toric variety is a compact
symplectic 2n-dimensional manifold with an effective Hamiltonian Tn-action. Let
the moment map beΦ : M→ t∗. ThenΦ(M) = ∆ is a simple rational convex poly-
tope. Delzant [10] proved that there is a bijection between simple rational convex
polytopes in Rn and toric varieties. For every simple rational convex polytope,
Delzant constructed a toric variety M∆, which is a symplectic reduction of affine
space. Namely,M∆ = C
d//Tk.
Danilov [8] computed the ordinary cohomology of a toric variety in terms of
combinatorial data encoded in its moment polytope. He showed that
H∗(M∆;C) = C[x1, . . . , xk]/I,
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where I is an ideal of classes depending on how faces of ∆ intersect. In this case, it
is natural to think of the map
H∗Tk(C
d;C) = C[x1, . . . , xk]→ H∗(M∆;C)
as the Kirwan map, and that it is a surjection follows by an argument similar to
Kirwan’s. While Cd is not compact, the compactness assumption can be replaced
by the assumption that the moment map is proper and bounded in some direc-
tion. The action of Tk on Cd certainly satisfies these assumptions. Indeed, an
equivariant extension of Kirwan’s surjectivity, due to the first author [12], can also
be applied, giving a map
H∗Td(C
d;C)→ H∗Tn(Cd//Tk;C).
where n = d − k. The kernel computation does not go through in the same way,
but we have an alternative description ofH∗Tn(M∆;C)which allows us to compute
the kernel for real loci of toric varieties.
We can compute the equivariant cohomology of toric varieties using a combi-
natorial description due to Goresky, Kottwitz and MacPherson [13]. ProvidedM∆
has no 2-torsion, this combinatorial description also holds for real loci [6], and so
we know that as rings,
H2∗Tn(M∆;Z/2Z) = H
∗
Tn
R
(Mσ∆;Z/2Z).
Moreover, this equality commutes with the two surjections, giving a commutative
diagram
0 // K = I // H2∗Td(C
d;Z/2Z) // H2∗Tn(C
d//Tk;Z/2Z) // 0
0 // KR // H
∗
Td
R
(Rd;Z/2Z) // H∗Tn
R
(Rd//Tk
R
;Z/2Z) // 0
Thus, by the Five Lemma, K = KR. This description of the cohomology of (M∆)
σ
as a quotient of a polynomial ring is identical to Danilov’s description of the co-
homology ofM∆. It was proved using other methods by Davis and Januszkievicz
[9].
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